
Cointegration and the ECM 

 
 Two nonstationary time series are cointegrated if they tend to move together through time. For 

instance, we have established that the levels of the Fed Funds rate and the 3-year bond rate are 

nonstationary, whereas their differences are stationary. In the opaque terminology used in the time series 

literature, each series is said to be “integrated of order 1” or I(1). If the two nonstationary series move 

together through time then we say they are “cointegrated.” Economic theory would suggest that they 

should be tied together via arbitrage, but that is no guarantee, so we perform a formal statistical test.  

The test procedure is very simple. Regress one I(1) variable on another using least squares. Then test 

the residuals for nonstationarity using the (augmented) Dickey-Fuller test. If the series are cointegrated, 

the Dickey-Fuller test statistic will be statistically significant. The null hypothesis is that the residuals are 

nonstationary. Rejection of this leads to the conclusion that the residuals are stationary and the series are 

cointegrated. 

 

Time Series Plots 

scatters b f diff(b) diff(f) --output=display 

 

This produces the set of graphs: 

 

 



 

Neither series looks stationary in levels; their general trend is downward. The differences do look 

stationary. I see no trend in the differences and both are centered about zero. Proceed with the formal 

stationarity tests.  

Here are the DF-GLS test results for the levels.  I included a constant and a trend in the model, since 

both b and f appear to be trending downward. Also, I am testing down from a maximum lag of 12.  Note, 

there is a formal rule for choosing the maximum lag suggested by Schwert.  Schwert (1989) proposes that 

for N > 100 the maximum lag be set to kmax = int[12(T + 1)/100]0.25. If your sample is smaller than 100, 

then use kmax = int[4(T + 1)/100]0.25. 

 

 

? adf 12 f --test-down --ct --gls 

 

Augmented Dickey-Fuller (GLS) test for f 

including 6 lags of (1-L)f (max was 12) 

sample size 97 

unit-root null hypothesis: a = 1 

 

   with constant and trend  

   model: (1-L)y = b0 + b1*t + (a-1)*y(-1) + ... + e 

   1st-order autocorrelation coeff. for e: 0.010 

   lagged differences: F(6, 90) = 16.433 [0.0000] 

   estimated value of (a - 1): -0.115012 

   test statistic: tau = -4.14427 

 

                      10%     5%     2.5%     1% 

   Critical values: -2.74   -3.03   -3.29   -3.58 

 

? adf 12 b --test-down --ct --gls 

 

Augmented Dickey-Fuller (GLS) test for b 

including 5 lags of (1-L)b (max was 12) 

sample size 98 

unit-root null hypothesis: a = 1 

 

   with constant and trend  

   model: (1-L)y = b0 + b1*t + (a-1)*y(-1) + ... + e 

   1st-order autocorrelation coeff. for e: -0.005 

   lagged differences: F(5, 92) = 4.799 [0.0006] 

   estimated value of (a - 1): -0.128209 

   test statistic: tau = -3.17998 

 

                      10%     5%     2.5%     1% 

   Critical values: -2.74   -3.03   -3.29   -3.58 

 

Both of these look stationary.  That does not bode well for this example, which requires both series to 

be I(1).  We shall proceed as if they were.  First, let’s try the KPSS test.   

 

scalar bandwidth = int(4*($nobs/100)^(2/9)) 



kpss bandwidth f b 

 

Notice that I computed a bandwidth based on the sample size.  This computation yields a value of 4.  

The KPSS test yields: 

 

KPSS test for f 

 

T = 104 

Lag truncation parameter = 4 

Test statistic = 1.36747 

  

KPSS test for b 

 

T = 104 

Lag truncation parameter = 4 

Test statistic = 1.72833 

 

                   10%      5%      1% 

Critical values: 0.349   0.466   0.734 

 

Both are significant at 1%.  Remember, the null hypothesis here is that the series is stationary and the 

alternative is a unit root.  Hence, this test suggests that both series are I(1).  That is certainly better for our 

example.  However, the comparison is not quite appropriate since we ignored the apparent trend in the 

series.  Including the trend option in the KPSS renders a result that agrees with the DFGLS test.   

 

KPSS test for f (including trend) 

 

T = 104 

Lag truncation parameter = 4 

Test statistic = 0.0693706 

 

KPSS test for b (including trend) 

 

T = 104 

Lag truncation parameter = 4 

Test statistic = 0.0780517 

 

                   10%      5%      1% 

Critical values: 0.120   0.148   0.216 

 

Isn’t time-series analysis fun?  

 

Engle-Granger Test 

The test described below is commonly referred to as the Engle-Granger test. Regress b on f and a 

constant, save the residuals then use these in an augmented Dickey-Fuller regression. Manually, this is 

done. 

 



ols b f 

series ehat=$uhat 

adf 4 ehat --nc --test-down –verbose 

 

Remember, the critical values and p-values that are reported from the adf are not correct for the 

Engle-Granger test.  This is because the test is performed on estimates (residuals) instead of actual, 

observed time-series (e.g., b).  It is best to use the built-in version. 

 

coint 4 b f  --nc --test-down 

 

which yields: 

 

Step 4: testing for a unit root in uhat 

 

Augmented Dickey-Fuller test for uhat 

including 3 lags of (1-L)uhat (max was 4) 

sample size 99 

unit-root null hypothesis: a = 1 

 

   model: (1-L)y = (a-1)*y(-1) + ... + e 

   1st-order autocorrelation coeff. for e: 0.018 

   lagged differences: F(3, 95) = 5.898 [0.0010] 

   estimated value of (a - 1): -0.215789 

   test statistic: tau_nc(2) = -3.95423 

   asymptotic p-value 0.001262 

 

There is evidence for a cointegrating relationship if: 

(a) The unit-root hypothesis is not rejected for the individual variables. 

(b) The unit-root hypothesis is rejected for the residuals (uhat) from the  

    cointegrating regression. 

 

The p-value is less than 5% so we conclude that the residuals are stationary, and hence that b and f 

are cointegrated.   

Error Correction Model 

Cointegration is a relationship between two nonstationary, I(1), variables. These variables share a 

common trend and tend to move together in the long-run. In this section, a dynamic relationship between 

I(0) variables which embeds a cointegrating relationship known as the short-run error correction model is 

examined.  

Start with an ARDL(1,1) 

 1 1 0 1 1t t t t ty y x x v          

and after some manipulation 

1 1 1 2 1 0 1 1(1 )( )t t t t t ty y x x x v                  

The term in the second set of parentheses is a cointegrating relationship. The levels of y and x are linearly 

related. Let 1(1 )   and the equation’s parameters can be estimated by nonlinear least squares.  

 



1 You have to supply a set of starting values for a, b1, b2, d0 and d1.  You can use a linear regression to 

estimate b1 and b2.  Take the other parameters from estimation of the ARDL(1,1). 

 

ols b const f 

scalar b1 = $coeff(const) 

scalar b2 = $coeff(f) 

 

ols b(0 to -1) f(0 to -1) const 

scalar d0 = $coeff(f) 

scalar d1 = $coeff(f_1) 

scalar a = 1-$coeff(b_1) 

 

The first regression is used to provide starting values for the ECM term and the second is used to start 

the other parameters.  Then use nls routine, specifying the parameter names using the params statement.  

 

nls d_b=-a*(b_1-b1-b2*f_1)+d0*d_f+d1*d_f(-1) 

    params a b1 b2 d0 d1 

end nls 

 

The result is: 

 

Using numerical derivatives 

Tolerance = 1.81899e-012 

 

Convergence achieved after 25 iterations 

 

Model 13: NLS, using observations 1984:3-2009:4 (T = 102) 

d_b = -a*(b_1-b1-b2*f_1)+d0*d_f+d1*d_f(-1) 

 

             estimate    std. error   t-ratio    p-value  

  ------------------------------------------------------- 

  a           0.141877   0.0496561     2.857    0.0052    *** 

  b1          1.42919    0.624625      2.288    0.0243    ** 

  b2          0.776557   0.122475      6.341    7.25e-09  *** 

  d0          0.842463   0.0897482     9.387    2.83e-015 *** 

  d1         -0.326845   0.0847928    -3.855    0.0002    *** 

 

Mean dependent var  -0.110294   S.D. dependent var   0.537829 

Sum squared resid    14.18070   S.E. of regression   0.382352 

R-squared            0.514614   Adjusted R-squared   0.494598 

Log-likelihood      -44.10409   Akaike criterion     98.20819 

Schwarz criterion    111.3331   Hannan-Quinn         103.5229 

rho                  0.126909   Durbin-Watson        1.745112 

 

hansl 

 
open usa 
scatters b f diff(b) diff(f) --output=display 



 
function scalar schwert(series y) 
    scalar n = $nobs 
    if n < 100 
        k=int(4*(($nobs+1)/100)^(0.25)) 
    else 
        k=int(12*(($nobs+1)/100)^(0.25)) 
    endif 
    return k 
end function 
 
scalar kmax = schwert(b) 
kmax 
adf kmax f --test-down --ct --gls  
adf kmax b --test-down --ct --gls 
 
scalar bandwidth = int(4*($nobs/100)^(2/9)) 
kpss bandwidth f b  
kpss bandwidth f b --trend 
 
ols b f 
series ehat=$uhat 
adf 4 ehat --nc --test-down --verbose 
 
coint 4 b f  --nc --test-down 
 
ols b const f 
scalar b1 = $coeff(const) 
scalar b2 = $coeff(f) 
ols b(0 to -1) f(0 to -1) const 
scalar d0 = $coeff(f) 
scalar d1 = $coeff(f_1) 
scalar a = 1-$coeff(b_1) 
nls d_b=-a*(b_1-b1-b2*f_1)+d0*d_f+d1*d_f(-1) 
    params a b1 b2 d0 d1 
end nls 

 

 


